An asymptotic crack-tip solution under conditions of plane strain is developed for a material that obeys a special form of linear isotropic strain gradient elasticity. and antisymmetric (mode-II) solutions are developed. The asymptotic solution predicts finite strains at the crack-tip. The mode-I crack-tip displacement field u is of the form
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An asymptotic crack-tip solution under conditions of plane strain is developed for a material that obeys a special form of linear isotropic strain gradient elasticity. In particular, an elastic constitutive equation of the form s ¼ s and antisymmetric (mode-II) solutions are developed. The asymptotic solution predicts finite strains at the crack-tip. The mode-I crack-tip displacement field u is of the form
A 1ũ11 ðh; mÞ þ A 2ũ12 ðh; mÞ ½ þ Oðr 2 Þ;
A 1ũ21 ðh; mÞ þ A 2ũ22 ðh; mÞ
where ðx 1 ; x 2 Þ and ðr; hÞ are crack-tip Cartesian and polar coordinates, respectively, m is Poisson's ratio, and ðA; B; A 1 ; A 2 Þ are dimensionless constants determined by the complete solution of a boundary value problem. The A-and B-terms above correspond to uniform normal strains parallel ðe 11 Þ and normal ðe 22 Þ to the crack line, which do not contribute to the crack-tip ''energy release rate" (J-integral). Detailed finite element calculations are carried out for an edge-cracked-panel (ECP) loaded by point forces and the asymptotic solution is verified. The region of dominance of the asymptotic solution for the ECP geometry analyzed is found to be of order '/10. The ''energy release rate" is found to decrease with increasing '. Ó 2009 Elsevier Ltd. All rights reserved.
Introduction
In spite of the fact that classical theories are quite sufficient for most applications, there is ample experimental evidence which indicates that, in certain small-scale applications, there is significant dependence on additional length/size parameters. Theories with intrinsic-or material-length-scales find applications in the modeling of size-dependent phenomena. In elasticity, length scales enter the constitutive equations through the elastic strain energy function, which in this case depends not only on the strain tensor but also on gradients of the rotation and strain tensors; in such cases we refer to ''gradient elasticity" theories. A summary of the applicability of gradient elasticity to certain micro/nano problems has been given recently by Aifantis (2009) .
Several fracture mechanics problems have been solved in the past within the framework of strain gradient elasticity. Solutions for mode-III (anti-plane shear) cracks have been developed by various authors (Altan and Aifantis, 1992; Aifantis, 1995, 2000; Exadaktylos et al., 1996; Vardoulakis et al., 1996; Paulino et al., 2003; Chan et al., 2008) . A complete and thorough analysis of the mode-III crack problem has been presented more recently by Georgiadis (2003) . Also Exadaktylos (1998) developed a solution of the mode-I crack problem by using an anisotropic strain gradient elasticity theory with surface energy. The problems of mode-I (opening) and -II crack (in-plane shear) problems were analyzed by Shi et al. (2000) for a linear version of the incompressible strain gradient plasticity model of Fleck and Hutchinson (1997) , and by Karlis et al. (2007 Karlis et al. ( , 2008 in the context of boundary element analysis.
In this paper, we develop crack-tip asymptotic solutions under conditions of plane strain (mode-I and mode-II) for a material that obeys a special form of linear isotropic strain gradient elasticity. In Sections 2 and 3 the constitutive equations and the boundary value problem are formulated in the context of strain-gradient elasticity developed by Mindlin and co-workers in the 1960s (Mindlin, 1964; Mindlin and Eshel, 1968) . The constitutive model is based on an elastic strain energy density function W, which depends on the strain tensor e and its spatial gradient re. Then, a stress-like quantity s and a double-stress-like quantityl are introduced:
In Section 3 we state a very interesting result due to Mindlin and Eshel (1968) , which appears to have escaped notice in the literature that followed, namely that the aforementioned stress-like quantity s (defined as work conjugate to e through (1a)), is different from the true stress tensor r that is defined the usual way on an infinitesimal orthogonal parallelepiped as force per unit area and enters the principles of conservation of linear and angular momentum. In particular, Mindlin and Eshel (1968) have shown that
The particular constitutive model used is similar to that of Aifantis (1992) , Altan and Aifantis (1992) and Ru and Aifantis (1993) . In that model, which is one of the simplest strain gradient models, the strain energy density W is chosen so that the resulting s is such that s À r Ál ¼ s
where s ð0Þ is related to the strain tensor e through the usual relations of linear isotropic elasticity, i.e., s where ðr; hÞ are crack-tip polar coordinates, m is Poisson's ratio, and ðA; B; A 1 ; A 2 Þ and ðC; D; B 1 ; B 2 Þ are dimensionless constants determined by the complete solution of a boundary value problem. The A-and B-terms in the mode-I solution correspond to uniform normal strains parallel ðe 11 Þ and normal ðe 22 Þ to the crack line, which do not contribute to the crack-tip ''energy release rate" (J-integral).
Similarly, the C-and D-terms in the mode-II solution correspond to a uniform shear strain e 12 and in-plane rotation x 3 ; again, the Cand D-terms do not contribute to the J-integral. In Sections 5 and 6 the J-and J 2 -integrals are determined in terms of crack-tip quantities. Detailed finite element calculations for an edge-cracked-panel (ECP) loaded by point forces are presented in Section 7. The results of the finite element calculations validate the developed asymptotic crack-tip solution. For the ECP geometry analyzed, the region of dominance of the asymptotic solution is found to be of order '/10. The ''energy release rate" is found to decrease with increasing '. The paper closes with a discussion of the possible use of the asymptotic solution for the development of sound fracture criteria in the context of gradient elasticity. Standard notation is used throughout. Boldface symbols denote tensors the orders of which are indicated by the context. The usual summation convention is used for repeated Latin indices of tensor components with respect to a fixed Cartesian coordinate system with base vectors e i ði ¼ 1; 2; 3Þ. Let a, b, c be vectors, A, B second-order tensors,ĵ;l third-order tensors, and C a fourth-order tensor; the following products are used in the text:
The constitutive model
Let u(x) be the displacement field in a continuum, where x is the position vector of a material point. We make the usual assumption of ''infinitesimal displacement gradients ou i =ox j " and define the infinitesimal strain , infinitesimal rotation X, and infinitesimal strain gradientĵ tensors as follows:
and j ¼ re
where a comma followed by a subscript denotes partial differentiation with respect to the corresponding spatial coordinate, i.e.,
, and e ijk is the alternating symbol.
We define also the stress-like s and double-stress-likel quantities:
where C is the constant fourth-order elasticity tensor with the usual major ðC ijkl ¼ C klij Þ and minor ðC ijkl ¼ C jikl ¼ C ijlk Þ symmetries, and ' a material length scale. Note that
which is formally similar to the expression used for the stress tensor by Aifantis (1992) and Altan and Aifantis (1992) in their version of a gradient isotropic elasticity theory. The corresponding elastic strain energy density W can be written as (Mindlin, 1964; Mindlin and Eshel, 1968) W ¼ 1 2 
In the following, we use the isotropic version of the above model in which
where k and l are the Lamé constants, so that Wðe;ĵÞ ¼ k 2
e ii e jj þ le ij e ij þ '
An equivalent alternative formulation (Mindlin and Eshel, 1968) would be to write Wðe;ĵÞ Wðe; j; jÞ where
and
so that
and define
The expression Wðe; j; jÞ equivalent to (14) is Wðe; j; jÞ ¼ k 2
e ii e jj þ le ij e ij þ ' 2 2ðk þ 3lÞ 9
Yet another equivalent alternative formulation (Mindlin and Eshel, 1968) would be to write Wðe;ĵÞ Wðe;jÞ wherẽ
and definẽ
The expressionWðe;jÞ equivalent to (14) is (see also Amanatidou and Aravas, 2002) Wðe;jÞ ¼ k 2
The boundary value problem
The corresponding quasi-static boundary value problem is defined (Mindlin, 1964; Mindlin and Eshel, 1968) by the quasi-static equilibrium equations
and the boundary conditions
where F is the body force per unit volume, S is the smooth surface of the body under consideration, D ¼ n Á r the normal derivative on S, D ¼ r À nD the ''surface gradient" on S,û;P;ĝ;R are known functions,
Next we introduce the quantity p ¼ r Ál; ð31Þ so that the boundary value problem can be written as a first-order system of partial differential equations for ðu; s;l; pÞ as follows: 
3.1. Auxiliary and ''true" tractions 3.1.1. The auxiliary (mathematical) tractions Mindlin and Eshel (1968) define the ''auxiliary tractions" P andR so that the variation of work done by the external forces is given by
where V is the volume of the material bounded by the smooth surface S, and U has dimensions of double-force per unit volume and is work-conjugate to ru. Then, it follows that
P andR are the appropriate quantities to be used in the formulation of the boundary conditions of the boundary value problem. Bleustein (1967) writes the variation of the work done by the external forces in the form
The Bleustein tractions
where t B and T have dimensions of force and double-force per unit area and are work-conjugate to u and ru, respectively. Bleustein (1967) has shown that, the traction t B is determined by
wherel is defined in Eq. (23).
3.1.3. The ''true" tractions Mindlin and Eshel (1968) consider the standard true stress vector t and true couple-stress vector m, defined the usual way as force and moment per unit area. Then, the standard argument of force and moment equilibrium of an infinitesimal tetrahedron leads to the well know relations
where n is the unit vector normal to the infinitesimal area, and ðr; lÞ are the usual stress and couple-stress second-order tensors. The principles of conservation of linear and angular momentum lead to the well known equations
where C is the body moment per unit volume. 
and their physical interpretation is not as clear. Mindlin and Eshel (1968) adopt the following principle of conservation of energy:
where a superposed dot denotes differentiation with respect to time, U ðijÞ are the components of the symmetric part of
X jk are the components of the axial vector of _ X, and l is defined in Eq. (19) . Note that the components of the antisym-
Using the energy equation (47) together with the equilibrium equation (45), Mindlin and Eshel (1968) have shown that the true stresses and couple-stresses r and l are related to s; l and l (where l and l are defined in (18) and (19)) through the following relations (see also Germain, 1972 Germain, , 1973a : 
The above expression for r can be written also as
Note that the true stress tensor r and the true couple-stress tensor l are, in general, non-symmetric. For the plane strain problems considered here, the components of Eq. (45) that are not satisfied identically can be written as
where x 3 is the coordinate axis normal to the plane of deformation. At the risk of becoming redundant, we emphasize once again that the force and moment per unit area are defined by t ¼ n Á r and m ¼ n Á l, and not byP; t B andR (see also Mindlin and Eshel (1968, p. 124) ).
Plane strain asymptotic crack-tip solution
We look for asymptotic solutions as r ! 0 of Eqs. (32) 
Also zero body forces F and zero body double-forces U are assumed.
Using dimensional analysis, we can show readily that the crack-tip solution is of the form
where all functions with a superposed _ are dimensionless. We look for a variable-separable asymptotic solution of the form 
For the elastic strain energy to remain bounded in the crack-tip region, the exponent s must satisfy the restrictions:
It is convenient to work in terms of the polar components of the quantities involved. The expressions that define the components Six of these 14 unknown functions enter the system of equations in algebraic form, i.e., no derivatives of these functions appear in the equations. These 6 eigenfunctions can be eliminated from the system of equations. In particular, we find that r 
Formally, the solution of (66) can be written in the form xðhÞ ¼ expðhAÞ Á xð0Þ:
However, the analytic calculation of expðhAÞ is practically impossible, except for special simple cases. Therefore, we proceed in the development of solution by using standard techniques (e.g., see Boyce and Diprima, 2001 ) that require the calculation of the eigenvalues and eigenvectors of A. The eigenvalues and eigenvectors of A are evaluated easily by using MATHEMATICA (Wolfram, 2003) , and are listed in Appendix B.
The eigenvalues of A are all imaginary conjugate pairs and are given by
The corresponding eigenvector n i ðs; mÞ ði ¼ 1; 8Þ are complex conjugate pairs and are listed in Appendix B.
Close examination of the aforementioned eigenproblem shows that the special cases s ¼ 0; s ¼ 1; s ¼ 2; s ¼ 3 and s 2 À 7s þ8ð2 À mÞ ¼ 0 require special treatment. We proceed assuming that s-0; s-1; s-2; s-3; and s
We emphasize though that the special case s = 1 has a very important and interesting contribution to the solution of the original system of differential equation (66); the case s = 1 is examined separately in Section 4.3. The general solution of (66) can be written as a linear combination of the real and imaginary parts of e r i h n i ðs; mÞ; i ¼ 1; 2; 3; 4:
ð73Þ
In view of (71), we can write
Then, the general solution of (66) 
Às cos½ðs þ 1Þh sðs À 1Þ cos½ðs þ 1Þh
8ðs À 1Þ 2 ðs À 2Þ cos½ðs À 3Þh 8ðs À 1Þðs À 2Þðs À 3Þ sin½ðs À 3Þh
8ðs À 1Þ 2 ðs À 2Þ sin½ðs À 3Þh
À8ðs À 1Þðs À 2Þðs À 3Þ cos½ðs À 3Þh
The eigenvalue s is determined from the boundary conditions (69), and this completes the solution. In the following we determine s for the cases of symmetric and antisymmetric solutions with respect to the crack line. In view of the linearity of the problem, the general plane strain solution is a linear combination of these two solutions.
Symmetric solutions (mode-I)
We look for solutions that are symmetric with respect to the crack line, i.e., such that u r ðr; ÀhÞ ¼ u r ðr; ÀhÞ and u h ðr; ÀhÞ ¼ Àu h ðr; ÀhÞ: ð81Þ
ðs À 1Þðs À 2Þ½c 5 s À 2c 7 ðs À 1Þ cosðspÞ ¼ 0; ð84Þ
We take into account the inequalities (72) and look for solutions of Eqs. (82)- (85) that correspond to non-zero strain gradient j, which requires that s P 3=2 (see (59)). The common solution of (82)- (85) that corresponds to the smallest possible s is
This means that the final form of the symmetric asymptotic cracktip solution involves two undetermined constants, namely c 1 and c 3 . In order to simplify the physical interpretation of these constants in the asymptotic solution we introduce two new dimensionless constants A 1 and A 2 by setting
Then the asymptotic solution for the displacement field that corresponds to s ¼ 3=2 takes the form
and one can show readily that
Àu h ðr; pÞ
Àx 3 ðr; pÞ
where
is the in-plane infinitesimal rotation.
For an open mode-I crack, it is required that
Using the crack-tip asymptotic displacement field (88) and (89) we can define the rest of the asymptotic solution by using sequentially the formulae
The asymptotic solution corresponding to s = 3/2 is reported in Appendix C.
Antisymmetric solutions (mode-II)
We look for solutions that are antisymmetric with respect to the crack line, i.e., such that u r ðr; ÀhÞ ¼ Àu r ðr; ÀhÞ and u h ðr; ÀhÞ ¼ u h ðr; ÀhÞ: ð94Þ
ðs À 1Þðs À 2Þ½c 6 s þ 2c 8 ðs À 1Þ sinðspÞ ¼ 0:
Again we look for solutions of (95)- (98) that satisfy (72) and the constraint s P 3=2 (see (59)). Then, the common solution of (95)-(98) that corresponds to the smallest possible s is
This means that the final form of the symmetric asymptotic cracktip solution involves again two undetermined constants, namely c 2 and c 4 . In order to simplify the physical interpretation of these constants in the asymptotic solution we introduce two new dimensionless constants B 1 and B 2 by setting
Then the asymptotic solution for the displacement field that corresponds to s = 3/2 takes the form
and one can show readily that 
where the superscript (s = 3/2) denotes that the asymptotic term corresponding to s = 3/2 is considered. As will be seen in the section that follows, a different definition is required when the complete asymptotic solution is considered (see Eq. (123) below). The rest of the asymptotic solution corresponding to s = 3/2 is derived from Eq. (93) and is reported in Appendix D.
The special case s = 1
For s = 1, the matrix A in Eq. (67) takes a simple form and the exponential expðhAÞ can be evaluated easily by using MATHEMAT-ICA (Wolfram, 2003) . The general solution of (66) is written as xðhÞ ¼ expðhAÞ Á xð0Þ:
Next we apply the crack-tip boundary conditions as in Sections 4.1 and 4.2. The resulting crack-tip asymptotic solution is as follows:
e 11 ¼ A; e 22 ¼ B; e 12 ¼ x 3 ¼ 0;ĵ ¼ 0:
where ðx 1 ; x 2 Þ ¼ ðr cos h; r sin hÞ are crack-tip Cartesian coordinates ( Fig. 1) ,and ðA; B; C; DÞ are arbitrary dimensionless constants. Recall that, whenĵ ¼ 0, the condition for bounded strain energy in the crack-tip region is that s P 1=2. Therefore, the value s = 1 is an acceptable eigenvalue, since the corresponding displacement field is such thatĵ ¼ 0. What makes the above solution interesting is that it provides the dominant term as r ! 0 in the asymptotic solution, which is now written as follows. 
The quantities with superscripts (0)I denote the asymptotic mode-I solution derived in section and (4.1) above, and
Both the leading and the second order terms of the asymptotic mode-I crack-tip solution involve each two arbitrary constants, namely (A, B) and ðA 1 ; A 2 Þ, that cannot be determined from the asymptotic solution. The values of these constants are determined from the complete solution of the boundary value problem under consideration.
Antisymmetric mode: The situation is similar in mode-II, where again the first two terms in the of the asymptotic crack-tip solution involve each two arbitrary constants, namely (C, D) and ðB 1 ; B 2 Þ: 
The quantities with superscripts (0)II denote the asymptotic mode-II solution derived in section and (4.2) above, and
In view of the C-and D-terms in the expressions for e 12 and x 3 in the antisymmetric solution, the definitions of B 1 and B 2 given in (103) can be written also as
Using the complete asymptotic solution (109)- (121), we show readily that, as r ! 0, the true stresses r are Oðr À3=2 Þ and the true couple-stresses l are Oðr À1=2 Þ. The components of r and l in the asymptotic crack-tip solution are listed in Appendix E.
The A-, B-, C-and D-terms above have an O(1) contribution to the boundary conditions (54b) through the s rh -and s hh -terms. These O(1) s rh -and s hh -terms are balanced asymptotically in (54b) by the contribution of higher order terms in the crack-tip expansion of the solution; in particular, terms in u that are Oðr 3 Þ generate O(1) p rh -, p hh -and ðol hrr =orÞ-terms that balance the aforementioned s rh -and s hh -terms in (54b). The existence of the A-, B-, C-and D-terms in the asymptotic solution is verified by the results of the finite element solutions presented in Section 7 of the paper.
It should be noted that terms similar to the A-, B-, C-and Dterms above enter the crack-tip asymptotic solutions of a crack in an elastic material that obeys Koiter's (1964a,b) indeterminate theory of couple stresses (see Huang et al. (1997) and Chen et al. (1998) for modes I and II, and Radi (2008) for mode-III). We note also that a ''constant strain term" of the form Ar sin h ¼ Ax 2 should be added to the crack-tip asymptotic displacement field for the mode-III problem given by Georgiadis (2003) for a material that obeys a gradient elasticity law of the type considered herein (Eq. (28) in Georgiadis (2003)).
Traction distribution ahead of a mode-I crack
We consider the tractions on the material line ahead of the crack ðh ¼ 0Þ and on the lower half of the material ðn ¼ e h ¼ e 2 Þ, so that a positive 2-or h-component means tension. Along this line D ¼ e r ðo=orÞ and D Á n ¼ 0. Note that as r ! 0,
Therefore, as r ! 0, the leading terms in the generalized tractions ahead of the crack are as follows: 
where, according to (49), as r ! 0,
Using the asymptotic solution developed in the previous sections, we find that, as r ! 0,
Recall that for the crack to be ''open", i.e., for u 2 ðr; pÞ ¼ Àu h ðr; pÞ > 0 as r ! 0, it is required that A 1 > 0 (see Eq. (92)).
However, this does not guarantee that there are tensile tractions ahead of the crack! In fact, the auxiliary or true tractions ahead of the crack are tensile provided the following additional conditions are met:
and t h ðr; (137) 
It is interesting to note that, whereas the auxiliary tractionsPðr; pÞ vanish as required by the boundary conditions, the true traction tðr; pÞ has a non-zero shear component on the crack face!
The J-integral
The line integral J is defined as (Rice, 1968; Georgiadis and Grentzelou, 2006; Grentzelou and Georgiadis, 2008) J
where C is a curve that starts at a point on the lower crack face ðh ¼ ÀpÞ, goes through the material, and ends at a point on the upper crack face ðh ¼ pÞ, and n is the outward unit vector normal to C. The J-integral is known to be ''path independent" (Georgiadis and Grentzelou, 2006; Grentzelou and Georgiadis, 2008) . The derivative ou=ox 1 is determined from the following expression:
On a circular path C of radius r centered at the crack-tip n ¼ e r ¼ cos he 1 þ sin he 2 , D ¼ o=or, and the expression for the Jintegral can be written as
Note that as r ! 0
Therefore, in view of Eq. (36) that definesP, the part ofP that has a non-zero contribution to J as r ! 0 iŝ
where it was taken into account that on the circular path C of radius r centered at the crack-tip
On the same circular path, the generalized tractionR can be written aŝ
We evaluate next the J-integral on a circular path of vanishingly small radius r, so that the asymptotic crack-tip solution can be used in the calculations. Using (147), (149) and (144) forP;R; ou=ox 1 together with the asymptotic mode-I solution for ðu;l; pÞ and evaluating the integral in (145), we find
where G ¼ E=½2ð1 þ mÞ is the elastic shear modulus. Similarly, we find that the corresponding value of J for a mode-II crack is 
Note that the A-, B-, C-, and D-terns in the asymptotic solution have no contribution to the J-integral.
In the context of ''local" (as opposed to ''gradient") theories, Rice and Drucker (1967) have shown that the removal of material or the creation of cracks always reduces the total potential energy P of any linear or non-linear stable elastic body under fixed load and displacement boundary conditions. This means also that the corresponding J-integral J ¼ Àð1=bÞðoP=oaÞ is always positive, where a is the length of the plane strain crack, and b the thickness of the structure. Using arguments similar to those of Rice and Drucker (1967) , one can show readily that the same holds true for gradient elastic materials, so that the J-integral is always positive in gradient elastic materials as well.
We conclude this section by considering an alternative method used recently by Georgiadis (2003) and Georgiadis and Grentzelou (2006) for the evaluation of the J-integral. The method is based on an idea put forth by Freund (1972) and Burridge (1976) and uses a box-like path for the evaluation of J, as shown in Fig. 2 
where HðxÞ is Heaviside unit step function. SinceP 2 ;R 1 ; and Dðou 1 =ox 1 Þ are singular at the crack-tip, the ''value" of the integrand in (154) at x 1 ¼ 0 is not obvious and care must be exercised in evaluating the integral. In order to overcome this difficulty, Burridge (1976) treated the aforementioned quantities as distribution functions (Fisher, 1971) . Substituting (155)- (157) into (154) and taking into account that (Fisher, 1971) 6. The J 2 -integral and the constants ðA; BÞ; ðA 1 ; A 2 Þ and ðB 1 ; B 2 Þ The line integral J 2 is defined as (Budiansky and Rice, 1973; Grentzelou and Georgiadis, 2008) 
where again C is a curve that starts at a point on the lower crack face ðh ¼ ÀpÞ, goes through the material, and ends at a point on the upper crack face ðh ¼ pÞ, and n is the outward unit vector normal to C.
Note that the derivative ou=ox 2 is determined from the expression
If we now choose the path C in (159) to be a circular path centered at the crack-tip with vanishingly small radius r, we can use the asymptotic crack-tip solution for the determination of J 2 . In that case, using a technique similar to that used in the previous section for the evaluation of J, we find that
where I and II indicate the symmetric (mode-I) and antisymmetric (mode-II) solutions, respectively. 1 Unlike J, the J 2 -integral defined in (159), is path dependent in general (see also Golebiewska Herrmann and Herrmann, 1981) . In fact, one can show readily that
where the superscript on J 2 indicates the path used for its evaluation (see Fig. 3 ), a plus (+) and a minus (À) indicate the upper and lower crack face, respectively, C 0 is a vanishingly small circular path around the crack tip, and C c is the part of the upper crack face between C 0 and C e as shown in Fig. 3 . Note that the starting and end- where KI and KII are the standard mode-I and mode-II stress intensity factors, respectively.
ing points of paths C 0 and C e in (159) have the same x 1 -coordinate for each path, i.e., they are ''opposite" points on the upper and lower crack face.
In the special cases of symmetric or antisymmetric geometries and loads, W þ ¼ W À and Eqs. (162) and (161a) show that J 2 is path independent and equals zero, i.e.,
For the general mixed-mode case, according to (162) and (161b), the value of J 2 on C 0 is given by
where we took into account that n þ 2 ¼ À1, and x 0 1 < 0 is the x 1 -coordinate of the ending point of C 0 on the upper crack face.
If the value of jx 0 1 j is vanishingly small, then the asymptotic crack-tip solution can be used for the evaluation of the integral R 0
The expressions given above for J and J 2 can be used together with the finite element method to develop a methodology for the numerical determination of the constants that enter the crack-tip asymptotic solution. Such work is now underway and will be reported elsewhere. Similar techniques have been developed for the case of classical ''local" linear isotropic elasticity (e.g., see Bergez, 1974; Hellen and Blackburn, 1975; Ishikawa et al., 1979; Ishikawa, 1980; Bui, 1983; Sha, 1984; Nikishkov and Vainshtok, 1981; Raju and Shivakumar, 1990; Pu, 1996, 1997; Eischen, 1987; Chang and Yeh, 1998; Kim ang and Paulino, 2002; Sladek et al., 2008) .
The J 2 -integral is related to the ''energy release rate" when the crack translates parallel to itself in the x 2 -direction (Budiansky and Rice, 1973; Golebiewska Herrmann and Herrmann, 1981; Grentzelou and Georgiadis, 2008) . In fact the individual terms in (164) can be interpreted as follows. Let x 0 1 ¼ Àa, where a is the crack length, so that the integral in (164) covers the whole surface of the crack. Then (164) can be written as
where v 2 is the conceptual uniform velocity of all points on the crack surface in the x 2 -direction, and _ P tip and _ P sur the rate of change of the potential energy P due to the rearrangement of the fields at the crack tip and due to the motion of the crack faces, respectively, ð _
Finite element solutions
In order to verify the asymptotic crack-tip solution and determine its region of dominance, we carry out detailed finite element calculations of a cracked specimen. We consider the plane strain problem of an edge-cracked panel (ECP) loaded with two concentrated forces as shown in Fig. 4 . Both the specimen and the applied loads are symmetric with respect to the crack plane (mode-I).
The problem is solved by using the finite element formulation of Amanatidou and Aravas (2002) , which was implemented in the ABAQUS general purpose finite element program (Hibbitt, 1977) . This code provides a general interface so that a particular ''finite element" can be introduced as a ''user subroutine" (UEL). Ninenode elements (III9-70 in Amanatidou and Aravas (2002) ) are used in the computations. Because of symmetry, only half of the specimen is analyzed and the following conditions are applied along the symmetry line ahead of the crack:
The finite element mesh is shown in Fig. 5 . The size of the smallest element in the focussed mesh at the crack-tip is h = a/2000, where a is the crack length (see Fig. 4 ). A total of 5781 nodes, 2800 elements, and 40,650 nodal degrees of freedom are used in the computations. All crack-tip nodes are tied together. In order to eliminate rigid body translations in the x 1 direction, the condition u 1 ¼ 0 is imposed at the crack-tip.
A concentrated load P is applied at the upper left corner; the dimensions of P are force per unit out-of-plane thickness of the specimen. Using dimensional analysis and taking into account that the solution is linear in P, we conclude that one possible way to normalize the solution of the problem is as follows: 
where a is the crack length, W the width of the specimen and 2H its height (see Fig. 4 ), and all functions with a superposed^are dimensionless. Also, the dimensionless constants ðA; B; A 1 ; A 2 Þ in 2 The corresponding result in classical ''local" linear isotropic elasticity is (e.g., see
Golebiewska Herrmann and Herrmann, 1981; Eischen, 1987) 
where T is the uniform ''T-stress" parallel to the crack surface that appears as the second term in the asymptotic crack-tip solution of r11.
the asymptotic crack-tip solution are all proportional to P/( EW). Therefore, we can write 
The J-integral is of the form 
Figs. 6-8 show the radial variation of the finite element solution for ðu 1 ; u 2 ; x 3 Þ on the crack face ðh ¼ pÞ together with the prediction of the asymptotic solution (Eqs. (177), (178) and (182)) on a logarithmic scale. The leading term in the asymptotic solution provides an accurate description of the displacement and rotation fields on h ¼ p in the range 0 < r < '=10.
Ahead of the crack ðh ¼ 0Þ the asymptotic solution is
and u 2 ðr; 0Þ ¼ 0; e 12 ðr; 0Þ ¼ x 3 ðr; 0Þ ¼ 0. Fig. 9 shows the radial variation of the finite element solution for u 1 ahead of the crack ðh ¼ 0Þ together with the prediction of the asymptotic solution. Two curves are plotted for the asymptotic solution: curve I represents the leading term that involves A, whereas curve II is the sum of the first two terms on the right-hand side of (183). Figs. 10 and 11 show the radial variation of the finite element solution for e 11 and e 22 on a logarithmic scale for h ¼ 0 together with the prediction of the asymptotic solution; again, curves I represent the leading term that involve A and B, whereas curves II are the sum of the first two terms on the right-hand side of (184) and (185). Clearly, the constants A and B provide the limiting values of e 11 and e 22 as r ! 0, but the second term in the asymptotic expansion is required for an accurate description of the strain state ahead of the crack for radial distances of order '=10. 
In view of the normalization used, all curves for each of the aforementioned normalized quantities should fall on a single curve for values of r inside the ''region of dominance" of the leading term in the asymptotic crack-tip solution. Figs. 12-17 show that the leading term in the asymptotic solution provides an accurate description of the crack-tip fields over radial distances of order '/10. Note that the values of the constants ðA 1 ; A 2 Þ as defined in (171) and (176) are such that the conditions (136) and (137) for tensile tractions ahead of the crack are violated. This is consistent with the results of the finite element solution that predict compressive auxiliaryP and true (t) tractions ahead of the crack. In fact, the finite element solution shows that, whereas the normal strain e 22 is tensile ahead of the crack-tip ðh ¼ 0Þ and takes a finite value at r = 0, the auxiliary tractionP 2 and the true stress r 22 are compressive ahead of the crack for values of r smaller than about '/2 and singular at the crack-tip.
For comparison purposes, we also carried out finite element calculations for the same specimen geometry and applied loads using the corresponding classical isotropic linear elasticity model ðm ¼ 0; ' ¼ 0Þ. Eight-node plane strain isoparametric elements with 3 Â 3 Gauss integration stations are used in the calculations. Again, all crack-tip nodes are tied together. Fig. 18 shows the variation of the normalized true stress r 22 =ðP=WÞ as a function of the normalized radial distance r/' along the radial line h ¼ 0 for both the gradient and classical elasticity solutions.
3 In gradient elasticity, this full-field result shows the existence of a maximum tensile value of r 22 , at a distance r=' ' 1 ahead of the crack, in accord to what has been reported by various researchers. This maximum value increases monotonically to infinity as ' ! 0. We observe also that the region of validity of the asymptotic solution in gradient elasticity is comparable to that of the classical solution (' = 0). Fig. 19a shows the profile of the crack face for ' = 0 and '/a = 0.1, together with the predictions of the corresponding asymptotic solutions. The cusp-like crack opening characterizes the gradient elasticity solution and has been observed also by Karlis et al. (2007 Karlis et al. ( , 2008 in their studies of the central crack geometry. Fig. 19b shows the profiles of the crack face for the gradient case and for different values of '/a. The analysis predicts that, for the current loading configuration and Poisson ratio, the crack profile exhibits an inflection point at a distance r i behind the crack-tip, that can be uniquely related to the internal length of the problem. For '/a < 0.1, the FEM analysis predicts r i ' 1:2'. For '/a > 0.1, the FEM analysis does not predict any inflection point of the crack displacement. We can then conclude that, provided that '=a < 0:1, observation of the inflection point of a loaded crack r i can give an estimate of the internal length ' ' r i =1:2 ¼ 0:83r i . Fig. 20 shows the left crack-tip of a polymer-impregnated textile with a double-edge crack loaded in tension. The crack length is 1 cm and the internal length (woven matrix) is 0.1 cm. No bridging effect and complete closure are observed upon unloading. This figure shows clearly the formation of a cusp at the crack-tip and indicates the possibility of using gradient elasticity theory in order to describe the mechanical behavior of textile composites. Such work in now underway. Fig. 21 shows contours of the normal strain e 22 in the crack tip region for the two theories (classic and gradient). The major difference in the two solutions is that the finite (asymptotically constant) strains of the gradient elasticity solution at the crack-tip are replaced by singular 1= ffiffi ffi r p À Á strains in the classical solution (' = 0). We conclude this section by returning to the gradient theory and considering the effect of the internal length ' on the energy release rate J for the ECP. We determine J for different values of ' by using a technique similar to that of Parks (1974 Parks ( , 1977 , as described in the following. For the specimen geometry and applied loads considered above, we carry out finite element calculations with '/a = 0, 0.05, 0.10, 0.20, 0.30, 0.40, and 0.50. Again the value m ¼ 0 is used for Poisson's ratio. For each value of '/a, two sets of calculations are carried out: one with a crack length a 1 ¼ a ¼ W=2, and another with a longer crack a 2 ¼ a 1 þ Da, where Da ¼ h=1000, h being the size of the elements at the crack-tip. The finite element mesh in the second set of calculations is constructed from the original mesh by translating rigidly in the x 1 -direction by Da all nodes on and within a certain contour C 0 around the crack-tip, as described in Parks (1974) . The potential energy P of the whole specimen in each case is
where d 1 and d 2 are the vertical displacements of the point of application of P, when the crack length takes values a 1 and a 2 , respectively. The energy release rate is determined as
For the case of '/a = 0.1, the value of J calculated as described above differs by less than 3% from the value that results from Eq. (150) and the constants A 1 and A 2 as defined by (171) and (176). For the specific ECP geometry analyzed and for the same load level, the energy release rate J is found to decrease with increasing '. Therefore, in view of (174), we can write for the ECP geometry considered 
where the dimensionless functionJð'=WÞ is a decreasing function of '/W. In other words, as ' increases, a larger value of load P is required in order to reach a certain value of J. The calculated values of the ratio Jð'Þ=Jð0Þ are shown in Fig. 22 for values of ' in the range 0 6 ' 6 W=4 ¼ a=2. Note thatJð0Þ ¼ 104:16.
Discussion of fracture criteria
The analysis of crack advance based on the present asymptotic analysis requires the understanding of the significance and the limitations of the parameters involved, in this case the internal material length '. Since the analysis is in the context of linear elasticity, we focus on fracture of brittle materials and cases of high cycle fatigue, where classical linear fracture mechanics has been applied successfully. We focus on mode-I cracks, since other modes would involve discussion of crack deflection and branching that will require further studies.
A Griffith-type (Griffith, 1920) fracture theory can be used as a criterion for crack extension in terms of a balance between changes in mechanical and surface energies. In this spirit, we can use the equivalence of the J-integral with the energy release rate G and state a fracture criterion of the type:
i.e., crack growth takes place when the available energy to be released upon crack extension JBDa is enough to provide the energy required for the creation of the new surface G c BDa, where G c is the surface energy that defines the critical value of the energy release rate and characterizes the material. The advantages of such a criterion are obvious. The J-integral is a well known concept of the classical fracture mechanics and has the advantage of connecting the far-field loading with the near tip parameters by means of Eq. (150). Its experimental estimation could follow the limitations that are known and are included in various testing standards.
Eq. (189) has interesting consequences for the ECP. The fracture criterion takes now the form
where P c is the critical value of the applied load P that causes crack extension.
A change in the material microstructure is expected to affect both ' and G c in general, and, according to (191) , the net effect on P c depends on ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi G c ð'Þ=Jð'Þ p . There are certain cases though where a change in ' may not affect G c . Such an example is a particle reinforced composite, in which ' can be identified with the interparticle spacing; in such a case, a change in particle spacing does not affect the matrix properties and one could argue that the critical energy release rate G c of the composite is not affected. If the constitutive model considered herein is appropriate for the composite, sinceJ is a decreasing function of '/W, (191) predicts that a higher load is required for crack extension as ' increases, i.e., an increase in ' toughens the ECP specimen. It should be emphasized also that equation (189) holds for the ECP geometry considered and that different specimen geometries are expected to exhibit a different behavior, softening of the specimen not excluded.
As mentioned by Chen et al. (1999) , the loss of physical validity of the crack-tip asymptotic solution due to the crack-tip compressive stresses does not necessarily invalidate the use of the J-integral as a fracture parameter. As long as there is a region surrounding the crack-tip in which the gradient elasticity model has physical validity, J is a measure of the intensity of the true stress field that is passed down to the crack-tip, even though the solution very near the tip is not known.
An alternative fracture criterion can be based on the ''crack opening displacement" (COD). It is interesting to observe that the present asymptotic model predicts a cusp-like crack opening (equation (178)). A similar observation was made by Barenblatt (1962) who assumed a small-scale cohesive zone of rupture strength, r c , acting in a very small region of the crack faces, close to the crack-tip. The critical size of the Barenblatt cohesive zone corresponds to a critical value of the COD, d c , that is a material property. In the present formulation, we can identify the position on the crack face where the COD is measured with the internal length of the problem, ', i.e., the size of the''cohesive zone" is assumed to be '. Contrary to the various extensions of Barenblatt's model, in the present formulation the critical size of the cohesive zone does not have to be much less than the crack length or any other characteristic length of a cracked configuration. In the present approach, ''small" and ''large" cracks can be treated alike, provided that plasticity or other non-linearities are not important. We can propose a critical fracture criterion of the form
where A 1c is the critical value of A 1 that causes crack extension. Such criterion seems to be in accord with geometrical fatigue models that relate the COD with the crack length increment per load cycle, e.g., Laird (1967) . The parameter A 1 can be calculated from the asymptotics, as in the example of the ECP presented in the last section. This criterion appears to be less complex than the G c criterion, because it requires only one constant (A 1 or the COD) to be determined instead of two ðA 1 and A 2 Þ or the J-integral required by the G c criterion. On the other hand, it may require advanced observation facilities for measuring the COD. Another fracture criterion could be based on a critical value of the local strain at the crack-tip as suggested by McClintock (1962) , who introduced a fatigue threshold criterion and obtained estimates of such strains from a small-scale deformation plasticity analysis. The present model, does not require such plasticity analysis because it provides directly a finite strain at the crack-tip (Eq. (106) 
The values A and B are evaluated from the solution and the boundary value problem for the cracked specimen under consideration, and depend on the applied loads and the internal length '. The critical strain should be such that 0 < e e ( 1. We can argue that this is a rather difficult criterion to use for testing. It is worthy of note that in the case of classical elasticity, all the possible criteria mentioned above are known to be equivalent and consistent with the condition
where K I is the classical mode-I stress intensity factor and K Ic a material property that defines the fracture toughness of the material. However, in the present gradient elasticity case, the aforementioned criteria lead to different conditions as defined by Eqs. (190), (192) and (193) . One could consider also one of the simplest atomistic models, due to Orowan (1949) and Gilman (1960) , in which attention is focussed exclusively on an individual non-linear crack-tip bond. According to this model crack extension takes place when the local stress exceeds the theoretical cohesive strength of the solid r c ' E=p, where E is the Young modulus of the material (e.g., see Lawn, 1993, p. 146) . The corresponding critical cohesivestrain is
which leads to the fracture criterion
The criterion assumes that B > 0 (tensile strain at the crack-tip), which is not guaranteed by the solution in general. Interestingly, this criterion would predict that the atomic crack will not propagate for a configuration and loading with B < 0! 
where r c is a critical stress that leads to crack advance and may depend on '. Many investigators imply that the maximum value of r 22 ¼ r hh ahead of the crack ðh ¼ 0Þ can be used as a crack growth criterion. For the mode-I ECP analyzed in Section 7 and along the radial line h ¼ 0, the maximum of r hh ¼ r 22 appears at r=' ' 1:054, as shown in Fig. 18 . However, the results of the finite element solution for the ECP problem show that the maximum of r hh does not appear on h ¼ 0. Instead, the finite element solution shows that, for r=' ' 1:054, r hh j max appears at an angle h ' AE100 and takes a value of about twice that of r hh j h¼0 , and it appears that this is noticed for the first time. Therefore, criterion (197) predicts that the crack in the ECP will bifurcate at an angle h of about AE100 ! This conclusion seems rather unrealistic and, for this reason, we disregard condition (197) from being a viable crack growth criterion.
The corresponding strain gradientĵ ¼ re is of the form j ¼ĵ rrr e r e r e r þĵ rhh e r e h e h þĵ rrh e r ðe r e h þ e h e r Þ þĵ hrr e h e r e r þĵ hhh e h e h e h þĵ hrh e h ðe r e h þ e h e r Þ; ð203Þ
and can be determined in terms of e as follows: The eigenvalues of A are imaginary and are given by
Provided that s-0; s-1; s-3 and s 2 À 7s þ 8ð2 À mÞ-0, the corresponding eigenvectors are 
where a superposed bar denotes complex conjugate.
It should be emphasized that the special cases s = 0, s = 1, s = 3, and s 2 À 7s þ 8ð2 À mÞ ¼ 0 need separate treatment. 
The corresponding polar components of e,ĵ andl are determined from (201), (204) and (210). 
